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Abstract
I discuss a correspondence between a fictitious fluid in the black hole mem-
brane paradigm and highly excited closed string states according to the black
hole correspondence principle. I calculate the membrane transport coefficients of
an electric NS-NS 2-charged black hole and transport coefficients of the highly
excited closed string states which possess a Kaluza-Klein number and a winding
number. Comparing both the transport coefficients at the correspondence point,
I show that, except for the bulk viscosity, the membrane transport coefficients
are of the same order as the transport coefficients of the closed string states on
the stretched horizon. Also, I show that, except for the bulk viscosity, both the
dimensionless transport coefficients, which are defined by dividing the transport
coefficients by the entropy density, are exactly equal if the central charge is 6.
∗E-mail: sasai@mappi.helsinki.fi
1 Introduction
A correspondence between a black hole and string states has been pointed out in many
works. In [1], it has been proposed that the Bekenstein-Hawking entropy of a macro-
scopic Schwarzshild black hole could be explained by highly excited neutral string states
which cover the stretched horizon of the black hole. This correspondence has been gen-
eralized in the case of charged black holes [2, 3]. In fact, if the mass and charges of the
black hole are set to be equal to those of the string states at the correspondence point
rH ∼ ls, the Bekenstein-Hawking entropy agrees with the entropy of the string states [3].
Although the correct numerical coefficient of the Bekenstein-Hawking entropy could not
be reproduced in [1, 3], an exact value of the Bekenstein-Hawking entropy of a particular
kind of black hole has been derived from string theory in [4, 5].
So far, the relations between black hole physics and string theory have been investi-
gated mainly by examining their entropies. However, in our previous work [6], we have
proposed that the black hole membrane paradigm [7, 8, 9, 10] could also be explained
by highly excited string states. If we apply a time-dependent homogeneous background
metric perturbation to the mixed states of the string, a viscous stress tensor of the
string states occurs. Thus, the string states can be seen as a viscous matter. We have
calculated the shear viscosity of the highly excited string states1 and have shown that
the shear viscosity of the fictitious fluid in the membrane paradigm is of the same order
as that of the highly excited string states on the stretched horizon of the black hole
[6]. However, in our previous work, we have not examined the correspondence between
the other transport coefficients of the black hole and the string states. Also, we have
not considered the possible charges of the black hole and string states. In this paper, I
generalize the previous settings and check whether the membrane transport coefficients
of the black hole agree with the transport coefficients of the highly excited string states
when the charges are included.
This paper is organized as follows. In section 2, I obtain the membrane transport
coefficients of an electric NS-NS 2-charged black hole in D dimensional bosonic closed
string backgrounds whose D − d spatial directions are toroidally compactified. After
the short reviews of the d dimensional low energy effective field theory of the massless
bosonic closed strings and the electric NS-NS 2-charged black hole solution, I calculate
the membrane transport coefficients induced by the external fields in the effective field
theory. In section 3, I calculate the transport coefficients of the highly excited closed
string states which possess a Kaluza-Klein number and a winding number in a compact
direction by using the Kubo’s formula. In section 4, I compare the membrane trans-
port coefficients of the charged black hole with the closed string transport coefficients
according to the black hole correspondence principle [3]. In order to compare both the
transport coefficients consistently, I assume that the highly excited closed string states
1The shear of the string is caused by the fluctuation of the off-diagonal spatial component of the
backgroundmetric, not that of the world sheet metric. In fact, there is no off-diagonal spatial component
in the world sheet metric.
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are on the stretched horizon of the corresponding black hole because for a distant ob-
server, the physical degrees of freedom of the black hole seem to live near the horizon.
Then, I show that, except for the bulk viscosity, the membrane transport coefficients are
of the same order as the closed string transport coefficients. Also, I show that except
for the bulk viscosity, both the dimensionless transport coefficients, which are defined
by dividing the transport coefficients by the entropy density, are exactly equal if the
central charge is 6. The final section is devoted to the summary and comments. In the
Appendix A, I calculate the bulk viscosity of the fundamental string states and see the
discrepancy with the membrane paradigm.
2 Membrane transport coefficients in bosonic closed
string backgrounds
2.1 Effective field theory in toroidal compactification
I start with the low energy effective field theory of the bosonic closed strings in D
dimensional spacetime. The action is given by [11]
S =
1
2κ2D
∫
dDx
√−Ge−2ΦD
[
R− 1
12
GMM ′GNN ′GPP ′HMNPHM ′N ′P ′
+ 4GMN∂MΦD∂NΦD
]
, (1)
where κD is a constant, R is the Ricci scalar associated with the D dimensional metric
GMN , HMNP = ∂MBNP + ∂NBPM + ∂PBMN , BMN and ΦD (M,N, P = 0, · · · , D − 1)
are the antisymmetric tensor and dilaton, respectively.
Let us consider the toroidal compactification of D − d spatial directions,
xa ∼ xa + 2piR (a = d, · · · , D − 1), (2)
where R is the compactification radius. Then, theD dimensional metric is parameterized
as [11]
GMNdxMdxN = Gµνdxµdxν +Gab(dxa + Aaµdxµ)(dxb + Abνdxν), (3)
where µ, ν = 0, · · · , d− 1, Gµν , Aaµ and Gab are the d dimensional metric, Kaluza-Klein
U(1) gauge fields and scalar fields, respectively. Since at energies below R−1, one can
neglect the extra coordinate dependences of the fields, the action becomes [11]
S =
1
2κ2d
∫
ddx
√−Ge−2Φd [RG + 4Gµν∂µΦd∂νΦd
− 1
4
GacGbdGµν(∂µGab∂νGcd + ∂µBab∂νBcd)
− 1
4
Gµµ
′
Gνν
′
(GabF
a
µνF
b
µ′ν′ +G
abHaµνHbµ′ν′)− 1
12
Gµµ
′
Gνν
′
Gρρ
′HµνρHµ′ν′ρ′], (4)
2
where κ2d = κ
2
D/(2piR)
D−d, RG is the Ricci scalar associated with Gµν , Φd = ΦD −
1
4
ln detGab is the d dimensional dilaton and
F aµν = ∂µA
a
ν − ∂νAaµ, (5)
Haµν = ∂µBνa − ∂νBµa, (6)
Hµνρ = (∂µBνρ −AaµHaνρ) + cyclic permutations of µ, ν, ρ. (7)
To obtain the Einstein-Hilbert action, we redefine the d dimensional metric and
dilaton by
gµν = e
− 4Φ
d−2Gµν , (8)
Φ = Φd − Φ0d, (9)
where Φ0d is the expectation value of Φd. Then, the action (4) becomes
S =
1
16piGN
∫
ddx
√−g
[
Rg − 4
d− 2∂µΦ∂
µΦ
− 1
4
GacGbd(∂µGab∂
µGcd + ∂µBab∂
µBcd)
− 1
4
e−
4Φ
d−2 (GabF
a
µνF
bµν +GabHaµνHb
µν)− 1
12
e−
8Φ
d−2HµνρHµνρ
]
, (10)
where GN = κ
2
de
2Φ0
d/8pi is the d dimensional Newton constant, Rg is the Ricci scalar
associated with gµν and the Greek indices have been raised with gµν .
2.2 Black hole solutions
Let us consider the black hole solutions of (10). The simplest solution is a Schwarzshild
black hole in d dimensional spacetime,
ds2 = −(1− k(r))dt2 + (1− k(r))−1dr2 + r2dΩ2d−2, (11)
where
k(r) =
(
rH
r
)d−3
, (12)
and rH is the horizon radius of the black hole.
One can construct an electric NS-NS charged black hole from the Schwarzshild solu-
tion by using the solution generating method [3, 12, 13, 14]. Let us review the solution
generating method. We consider a black string solution in d+ 1 dimensional spacetime,
which can be obtained by simply taking a direct product of the Schwarzshild black hole
with the real line R. The metric of the black string is given by
ds2 = −(1− k(r))dt2 + dz2 + (1− k(r))−1dr2 + r2dΩ2d−2, (13)
3
where z ≡ xd denotes the spatial direction along the black string. Applying a Lorentz
boost along z direction,
t→ t coshαw + z sinhαw,
z → z coshαw + t sinhαw, (14)
where αw ∈ R and the T-duality transformation [12],
g˜zz =
1
gzz
, g˜zµ =
Bzµ
gzz
,
g˜µν = gµν − gzµgzν − BzµBzν
gzz
,
B˜zµ =
gzµ
gzz
, B˜µν = Bµν − gzµBνz − gzνBµz
gzz
,
Φ˜ = Φ− 1
2
ln gzz, (15)
we obtain the following black string solution with an electric NS-NS charge,
ds2s = −
1− k(r)
fw(r)
dt2 +
dz2
fw(r)
+ (1− k(r))−1dr2 + r2dΩ2d−2,
Btz =
k(r) coshαw sinhαw
fw(r)
,
e−2Φ = fw(r), (16)
where
fw(r) = 1 + k(r) sinh
2 αw. (17)
Here, the metric is expressed in string frame. Applying a Lorentz boost along z direction
again,
t→ t coshαp + z sinhαp,
z → z coshαp + t sinhαp, (18)
where αp ∈ R and compactifying the z direction on a circle, we obtain an electric NS-NS
2-charged black hole solution of (10),
ds2s = −
1− k(r)
fw(r)fp(r)
dt2 +
dr2
1− k(r) + r
2dΩ2d−2, (19)
Gdd =
fp(r)
fw(r)
, Gab = δab (a, b 6= d), (20)
e−4Φ = fw(r)fp(r), (21)
Adt =
k(r) coshαp sinhαp
fp(r)
, Aaµ = 0 (a 6= d), (22)
Btd =
k(r) coshαw sinhαw
fw(r)
, Bµa = 0 (a 6= d), (23)
4
where
fp(r) = 1 + k(r) sinh
2 αp, (24)
and the horizon radius is r = rH . The Einstein metric of this solution is
ds2 = e−
4Φ
d−2ds2s
= −(fw(r)fp(r))−
d−3
d−2 (1− k(r))dt2 + (fw(r)fp(r))
1
d−2
1− k(r) dr
2 + (fw(r)fp(r))
1
d−2 r2dΩ2d−2.
(25)
The Arnowitt-Deser-Misner (ADM) mass and electric NS-NS charges are [13]
MBH =
(d− 3)ωd−2rd−3H
16piGN
[
1
d− 3 +
1
2
(cosh(2αp) + cosh(2αw))
]
, (26)
qp,w =
(d− 3)ωd−2rd−3H
16piGN
[
1
2
sinh(2αp,w)
]
, (27)
where ωn = 2pi
(n+1)/2/Γ(n+1
2
) is the volume of a unit n dimensional sphere. In the
quantum theory, the following quantities are integer normalized [3, 13]:
Qp = qpR, Qw =
qwα
′
R
. (28)
Since the area of the horizon is
AH = ωd−2r
d−2
H coshαp coshαw, (29)
the Bekenstein-Hawking entropy and entropy density are
SBH =
AH
4GN
=
ωd−2r
d−2
H
4GN
coshαp coshαw, (30)
sBH =
SBH
AH
=
1
4GN
. (31)
2.3 Stretched horizon
The stretched horizon is defined by the place where the local Unruh temperature becomes
the Hagedorn temperature T ∼ 1/ls [1]. To find the location of the stretched horizon,
we consider the near horizon geometry of the black hole solution (19). Let us define a
new radial coordinate ρ,
rd−3 − rd−3H =
(d− 3)2
4
rd−5H ρ
2. (32)
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Taking the near horizon limit r → rH , one finds
ds2s ∼ −κ2ρ2dt2 + dρ2 + r2HdΩ2d−2, (33)
where
κ =
d− 3
2rH
1
coshαp coshαw
(34)
is the surface gravity. Thus, the Hawking temperature of this black hole is
TH =
κ
2pi
=
d− 3
4pirH coshαp coshαw
. (35)
Since the local Unruh temperature at ρ is given by
Tρ =
1
2piρ
, (36)
the stretched horizon is located at ρ ∼ ls [1].
2.4 Membrane transport coefficients induced by scalar fields
The membrane paradigm states that an observer outside an event horizon of a black
hole sees a fictitious viscous and conductive membrane or fluid on the stretched horizon
[7, 8, 9]. It is known that the shear viscosity of the fictitious membrane is [9, 10, 15]
ηBH =
1
16piGN
. (37)
This value does not change even if the black hole has some charges. Here, I calculate
the other membrane transport coefficients of the electric NS-NS 2-charged black hole.
At first, I calculate the membrane transport coefficient induced by the dilaton [10, 15].
By varying the action (10) with respect to the dilation, one finds
δS = − 4
d − 2
2
16piGN
∫
ddx
√−g[∇µδΦ∇µΦ + δΦ(· · · )]
= − 8
d − 2
1
16piGN
∫
ddx
√−g[∇µ(δΦ∇µΦ)− δΦ(∇µ∇µΦ + · · · )],
(38)
where ∇µ is the covariant derivative associated with gµν and · · · denotes the other terms
of the variation. For an observer outside an event horizon, fields inside the horizon
can not possess any classical relevance. Assuming the Dirichlet boundary condition at
r =∞, one finds [10]
δS =
8
d− 2
1
16piGN
[ ∫
Σ
dd−1x
√
−hδΦnµ∇µΦ +
∫
ddx
√−gδΦ(∇µ∇µΦ+ · · · )
]
, (39)
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where Σ denotes the stretched horizon, hµν is the induced metric on Σ and n
µ is the
outward-pointing spacelike unit normal to Σ. To cancel the boundary term of (39), the
following surface term should be added to the action:
Ssurf [Φ] =
∫
Σ
dd−1x
√−hJΦΦ. (40)
Then, we find
JΦ = − 8
d− 2
1
16piGN
nµ∇µΦ. (41)
JΦ is interpreted as a charge density on the stretched horizon induced by the bulk dilaton
field. Since the Einstein metric of the black hole solution (25) takes the following form,
ds2 = −gtt(r)dt2 + grr(r)dr2 + r2f(r)dΩ2d−2, (42)
the membrane charge density becomes
JΦ = − 8
d− 2
1
16piGN
1√
grr
∂rΦ
∣∣
Σ
. (43)
Fields measured by a free falling observer must be regular at an event horizon [9, 10].
This is equivalent to the fact that the fields at the event horizon depend only on the
ingoing null coordinate v defined by [15]
dv = dt+
√
grr
gtt
dr. (44)
Thus, near the horizon, we find
∂rΦ ≃
√
grr
gtt
∂tΦ. (45)
Therefore, the membrane charge density becomes
JΦ ≃ − 8
d − 2
1
16piGN
1√
gtt
∂tΦ
∣∣
Σ
= − 8
d − 2
1
16piGN
Uµ∂µΦ, (46)
where Uµ is the velocity vector of an observer at the stretched horizon. Thus, the
membrane transport coefficient induced by the dilaton field is
χΦ =
8
d− 2
1
16piGN
. (47)
In the same way, one can calculate the membrane transport coefficients induced by
the scalar fields Gab and Bab. Let us consider the case of Gab. The surface term which
we have to add to the action takes the following form:
Ssurf [Gab] =
1
2
∫
Σ
dd−1x
√
−hJabG Gab. (48)
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Then, we find
JabG = −
1
16piGN
GacGbdnµ∇µGcd. (49)
Lowering the indices a and b, we obtain
JGab = −
1
16piGN
nµ∇µGab. (50)
Comparing (50) with (41), we can read off the membrane transport coefficients induced
by Gab. Since the membrane transport coefficients induced by Bab can be obtained by
the same way, we find
χGab = χBab =
1
16piGN
. (51)
2.5 Membrane conductivities induced by gauge fields
There are two kinds of gauge fields, Aaµ and Bµa. At first, I consider the case of A
a
µ
[10, 15]. By varying the action with respect to Aaµ, one obtains
δS =
1
16piGN
[ ∫
Σ
dd−1x
√−he− 4Φd−2GabnµF bµνδAaν + (bulk terms)
]
. (52)
To cancel the boundary term, the following surface term should be added to the action,
Ssurf [A
a
µ] =
∫
Σ
dd−1x
√
−hJAaµAaµ. (53)
Then, we find
JA
aµ = − 1
16piGN
e−
4Φ
d−2nνF
aνµ. (54)
JA
aµ is interpreted as the membrane current induced by the bulk gauge field Aaµ. In
the electric NS-NS 2-charged black hole background, the membrane current becomes
JA
aµ = − 1
16piGN
e−
4Φ
d−2
1√
grr
F ar
µ
∣∣
Σ
. (55)
Since Aaµ depends only on the ingoing null coordinate v on the stretched horizon, we find
JA
ai ≃ − 1
16piGN
e−
4Φ
d−2
F at
i
√
gtt
∣∣∣∣
Σ
≃ 1
16piGN
e−
4Φ(rH )
d−2 Eai, (56)
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where i denotes the spatial components orthogonal to the radial direction r and Eai =
−UµF aµi is the electric field measured by an observer on the stretched horizon. Thus,
the membrane conductivities induced by Aai are
χAai =
1
16piGN
e−
4Φ(rH )
d−2 . (57)
Next, I consider the case of Bµa. To cancel the boundary term, we have to add the
following surface term to the action,
Ssurf [B] =
∫
ΣH
dd−1x
√−hJµaB Bµa. (58)
Then, we find
JµaB = −
1
16piGN
nν(e
− 4Φ
d−2Haνµ − e− 8Φd−2AaρHνµρ). (59)
In the electric NS-NS 2-charged black hole background, the second term of (59) vanishes
and we obtain
JµaB = −
1
16piGN
e−
4Φ
d−2
1√
grr
Har
µ
∣∣
ΣH
. (60)
Comparing (60) with (55), the membrane conductivities induced by Bia are found to be
χBia =
1
16piGN
e−
4Φ(rH )
d−2 . (61)
2.6 Membrane conductivity induced by antisymmetric tensor
field
Finally, I calculate the membrane conductivity induced by the antisymmetric tensor
field. By varying the action (10) with respect to Bµν , one finds
δS =
1
32piGN
[ ∫
ΣH
dd−1x
√
−he− 8Φd−2nµHµνρδBνρ + (bulk terms)
]
, (62)
To cancel the boundary term, we add the following surface term,
Ssurf [Bµν ] =
1
2
∫
Σ
dd−1x
√
−hJµνB Bµν . (63)
Then, we find
JµνB = −
1
16piGN
e−
8Φ
d−2nρH
ρµν . (64)
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JµνB is interpreted as the membrane antisymmetric tensor current induced by the bulk
antisymmetric tensor field. In the electric NS-NS 2-charged black hole background, the
membrane antisymmetric tensor current becomes
JµνB = −
1
16piGN
e−
8Φ
d−2
1√
grr
Hr
µν
∣∣
Σ
. (65)
Using the ingoing boundary condition, we obtain
J ijB ≃ −
1
16piGN
e−
8Φ
d−2
Ht
ij
√
gtt
∣∣∣∣
Σ
≃ − 1
16piGN
e−
8Φ(rH )
d−2 UµHµ
ij . (66)
Thus, the membrane conductivity induced by Bij is
χBij =
1
16piGN
e−
8Φ(rH )
d−2 . (67)
3 Closed string transport coefficients
3.1 Statistical description of closed string states
A classical black hole solution represents a statistical ensemble of states. Since we
would like to see the correspondence between a black hole and a fundamental string, the
string should also be described by a statistical ensemble, namely the mixed states. The
statistical equilibrium density matrix of the fundamental closed string is defined by [16]
ρ = Z−1 exp(−βLNL − βRNR), (68)
where Z = tr[exp(−βLNL − βRNR)], NL,R are the excitation levels of the closed string
and βL,R are the conjugate parameters of NL,R, respectively. Using the density matrix,
we can calculate the mean values and fluctuations of the excitation levels and the entropy
of the string states as follows [16, 17]:
N¯L,R ≡ 〈NL,R〉 = cpi
2
6β2L,R
, (69)
(∆NL,R)
2 ≡ 〈(NL,R − N¯L,R)2〉 = cpi
2
3β3L,R
, (70)
S = −〈lnρ〉 = 2pi
(√
cN¯L
6
+
√
cN¯R
6
)
. (71)
Here, 〈O〉 ≡ tr(ρO) and c = D − 2 is the central charge of the D dimensional bosonic
string theory. We have to impose that βL,R are much smaller than 1 because when the
string states are in statistical equilibrium, the relative fluctuations ∆NL,R/N¯L,R should
be much smaller than 1 [17, 18]. Thus, in order to admit the statistical description, the
string states must be highly excited.
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3.2 Linear response and Kubo’s formula
To obtain the transport coefficients of the highly excited closed string states, I use the
Kubo’s formula [6]. Here, I briefly review the linear response theory and the Kubo’s
formula [19]. Let us consider the following Hamiltonian of a homogeneous system:
H = H0 −
∑
j
Bjhj(t), (72)
where H0 is a free Hamiltonian, hj(t) is a time-dependent classical external field and
Bj is a conjugate operator of hj(t). Here, j denotes the number of the external fields.
The external fields are assumed to be weak and the Hamiltonian is expressed in the
Schro¨dinger picture.
We are interested in the expectation values of physical operators in the presence of
the external fields. If the external fields are turned on at a fixed time t0, the expectation
value of an operator Ai at t (t > t0) is given by
〈Ai(t)〉h = tr(ρh(t, t0)Ai(t0)), (73)
where ρh(t, t0) is a time-dependent density matrix in the presence of the external fields.
For t ≤ t0, ρh reduces to a time-independent statistical equilibrium density matrix ρ.
Let us find the expression of (73) in terms of ρ. Since the time dependence of ρh(t)
is given by
i
∂ρh
∂t
= [H, ρ], (74)
we find
〈Ai(t)〉h = tr[ρU−1(t, t0)Ai(t)U(t, t0)], (75)
where
U(t, t0) = T exp
(
i
∫ t
t0
dt′
∑
j
Bj(t′)hj(t′)
)
, (76)
T denotes the time-ordered product and the time-dependent operators which appear on
the right hand side of (75) are expressed in the interaction picture.
We set t0 = −∞. Up to the linear order in hj(t), (75) becomes
δ〈Ai(t)〉 ≡ 〈Ai(t)〉h − 〈Ai(t)〉
≃
∑
j
∫ ∞
−∞
dt′ iθ(t− t′)〈[Ai(t),Bj(t′)]〉hj(t′)
=
∑
j
∫ ∞
−∞
dt′GRAiBj (t− t′)hj(t′), (77)
11
where θ(t) is the Heaviside step function and 〈O〉 ≡ tr(ρO). GRAiBj (t− t′) is called the
response function. After the Fourier transformation, (77) becomes
δAi(ω) =
∑
j
GRAiBj(ω)hj(ω). (78)
It is known that the real part of GRAiBj (ω) is even in ω and the imaginary part of G
R
AiBj
(ω)
is odd in ω [19]. Especially, in the low frequency limit ω → 0, this expression takes the
following form:
δAi(ω) ∼
∑
j
(γAiBj + iωχAiBj )hj(ω), (79)
where γAiBj and χAiBj are the leading coefficients of the real part and imaginary of
GRAiBj (ω) in ω, respectively. The dissipative part of the operator Ai(t) is given by the
second term and χAiBj is called the transport coefficient.
To obtain the transport coefficients, it is convenient to introduce the following func-
tion,
fAiBj(t− t′) =
1
2
〈[Ai(t),Bj(t′)]〉. (80)
It is known that [19]
Im[GRAiBj (ω)] = fAiBj(ω). (81)
Thus, in the low frequency limit ω → 0, we obtain
fAiBj (ω) ≃ χAiBjω, (82)
which is known as the Kubo’s formula.
3.3 Closed string theory in light-cone gauge
Let us start with the world sheet action of the D dimensional bosonic string theory. The
action is given by2
S =
1
4piα′
∫
d2σ[GMN (X)(X˙MX˙N −X ′MX ′N ) +BMN(X)(X ′MX˙N − X˙MX ′N )], (83)
where σα = (τ, σ) (α = 0, 1) are the world sheet coordinates and
X˙M =
∂XM
∂τ
, X
′M =
∂XM
∂σ
. (84)
2The world sheet metric has been chosen to be flat.
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If D − d spatial directions are toroidally compactified, the action becomes
S =
1
4piα′
∫
d2σ[(e
4Φ
d−2gµν +GabA
a
µA
b
ν)P
µν + 2GabA
b
µP
aµ +GabP
ab
+BµνQ
µν + 2BµaQ
µa +BabQ
ab], (85)
where I have used (3) and (8) and have defined
PMN(τ, σ) = X˙MX˙N −X ′MX ′N , (86)
QMN(τ, σ) = X
′MX˙N − X˙MX ′N . (87)
By definition, PMN and QMN are symmetric and antisymmetric under the exchange of
M andN , respectively. Expanding the background fields around the trivial backgrounds,
one finds
S ≃ S0 + S1, (88)
S0 =
1
4piα′
∫
d2σηMN (X˙
MX˙N −X ′MX ′N ), (89)
S1 =
1
4piα′
∫
d2σ[hµν(X)P
µν +
4
d− 2Φ(X)ηµνP
µν + G˜ab(X)P
ab +Bab(X)Q
ab
+ 2Aaµ(X)P
aµ + 2Bµa(X)Q
µa +Bµν(X)Q
µν ], (90)
where ηMN is the flat metric, G˜ab = Gab − δab, S0 is the free parts of the action and S1
is composed of the linear terms in the background perturbations. In this section, hµν
denotes the metric perturbation around the flat spacetime.
I consider the closed string which possess a Kaluza-Klein number K and a winding
number W in the direction of xd. The mode expansions of the closed string are given
by3
Xµ(τ, σ) = 2α′pµτ + i
√
α′
2
∑
n 6=0
[
αµn
n
e−2in(τ−σ) +
α˜µn
n
e−2in(τ+σ)
]
, (91)
Xd(τ, σ) = 2α′
K
R
τ + 2WRσ + i
√
α′
2
∑
n 6=0
[
αan
n
e−2in(τ−σ) +
α˜an
n
e−2in(τ+σ)
]
, (92)
Xa(τ, σ) = i
√
α′
2
∑
n 6=0
[
αan
n
e−2in(τ−σ) +
α˜an
n
e−2in(τ+σ)
]
(a 6= d), (93)
where αMm and α˜
M
m satisfy the following commutation relations:
[αMm , α
N
n ] = mδm+n,0η
MN ,
[α˜Mm , α˜
N
n ] = mδm+n,0η
MN ,
[αMm , α˜
N
n ] = 0. (94)
3For simplicity, the constant terms in the mode expansions are set to be zero.
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To solve the Virasoro constraints, we impose the light-cone gauge,
X+ = 2α′p+τ, (95)
where X± = (X0 ±Xd−1)/√2. Since X+ is identified with τ , the spacetime coordinate
x+ plays the role of time and x− describes the longitudinal spatial direction. From the
Virasoro constraints, the mass shell conditions are found to be
M2 = (pdL)
2 +
4NL
α′
= (pdR)
2 +
4NR
α′
, (96)
pdL =
K
R
− WR
α′
, (97)
pdR =
K
R
+
WR
α′
, (98)
where the excitation levels
NL =
∞∑
n=1
: (αi−nαni + α
a
−nαna) :, (99)
NR =
∞∑
n=1
: (α˜i−nα˜ni + α˜
a
−nα˜na) :, (100)
are taken to be large and i = 1, · · · , d − 2 denotes the transverse noncompact spatial
directions. The symbol : : denotes the normal ordering.
Inserting the light-cone gauge into the action, (90) becomes
S1 =
1
4piα′
∫
ddx
∫
d2σδ(x+ −X+)δ(x− −X−)δd−2(xi −X i)
× [hµν(x)P µν + 4
d− 2Φ(x)ηµνP
µν + G˜ab(x)P
ab +Bab(x)Q
ab
+ 2Aaµ(x)P
aµ + 2Bµa(x)Q
µa +Bµν(x)Q
µν ]
=
1
8piα′2p+
∫
ddx
∫ pi
0
dσδ(x− −X−)δd−2(xi −X i)
× [hµν(x)P µν + 4
d− 2Φ(x)ηµνP
µν + G˜ab(x)P
ab +Bab(x)Q
ab
+ 2Aaµ(x)P
aµ + 2Bµa(x)Q
µa +Bµν(x)Q
µν ]
∣∣
τ= x
+
2α′p+
, (101)
where in the second step, I have performed τ integration. Thus, (101) can be seen as
the spacetime action. From (101), one can read off the operators conjugate to the back-
ground perturbations. For example, the stress tensor, which is the conjugate operator
of hµν , is
4
T µν(x+, x−, xi) = 1
4piα′2p+
∫ pi
0
dσδ(x− −X−)δd−2(xi −X i)P µν(τ, σ)∣∣
τ= x
+
2α′p+
. (102)
4T µν(x+, x−, xi) is the spacetime stress tensor, not the world sheet stress tensor which is conjugate
of the world sheet metric.
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Let us denote L and L− as the transverse size and longitudinal size of the closed
string states, respectively. To obtain the closed string transport coefficients, I consider
the operators which are spatially averaged over the volume of the string configuration,
O¯(x+) ≡ 1
Vd−1
∫
dx−dd−2xiO(x+, x−, xi), (103)
where Vd−1 ∼ L−Ld−2 [6]. Then, all operators which I will discuss in this section are
T¯ µν(x+) = 1
4piα′2p+Vd−1
∫ pi
0
dσP µν(τ, σ)
∣∣
τ= x
+
2α′p+
, (104)
J¯Φ(x+) = 1
8piα′2p+Vd−1
4
d− 2ηµν
∫ pi
0
dσP µν(τ, σ)
∣∣
τ= x
+
2α′p+
, (105)
J¯ aµA (x+) =
1
4piα′2p+Vd−1
∫ pi
0
dσP aµ(τ, σ)
∣∣
τ= x
+
2α′p+
, (106)
J¯ abG (x+) =
1
4piα′2p+Vd−1
∫ pi
0
dσP ab(τ, σ)
∣∣
τ= x
+
2α′p+
, (107)
J¯ µνB (x+) =
1
4piα′2p+Vd−1
∫ pi
0
dσQµν(τ, σ)
∣∣
τ= x
+
2α′p+
, (108)
J¯ µaB (x+) =
1
4piα′2p+Vd−1
∫ pi
0
dσQµa(τ, σ)
∣∣
τ= x
+
2α′p+
, (109)
J¯ abB (x+) =
1
4piα′2p+Vd−1
∫ pi
0
dσQab(τ, σ)
∣∣
τ= x
+
2α′p+
, (110)
where J¯Φ, J¯ aµA , J¯ abG , J¯ µνB , J¯ µaB and J¯ abB are conjugate operators of Φ, Aaµ, G˜ab, Bµν ,
Bµa and Bab, respectively.
In the membrane paradigm, there is supposed to be some effective fluid on the
stretched horizon. Thus, to compare the dynamics of the fundamental string states
with the membrane paradigm, we have to consider the hydrodynamical limit of the
fundamental string states. This means that the wavelengths of the external fields which
are applied to the string states must be much longer than the sizes of the fundamental
string states and the frequencies of the external fields must be much shorter than the
characteristic frequency of the fundamental string states. Therefore, I assume that
the background perturbations only depend on x+. This corresponds to the infinite
wavelength limit. Then, (101) becomes
S1 =
1
8piα′2p+
∫
dx+
∫ pi
0
dσ[hµν(x
+)P µν +
4
d− 2Φ(x
+)ηµνP
µν + G˜ab(x
+)P ab
+Bab(x
+)Qab + 2Aaµ(x
+)P aµ + 2Bµa(x
+)Qµa +Bµν(x
+)Qµν ]
∣∣
τ= x
+
2α′p+
= Vd−1
∫
dx+
[
1
2
T¯ µνhµν + J¯ΦΦ+ J¯ aµA Aaµ +
1
2
J¯ ab
G˜
G˜ab
+
1
2
J¯ µνB Bµν + J¯ µaB Bµa +
1
2
J¯ abB Bab
]
. (111)
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3.4 Calculations of closed string transport coefficients
Let us calculate the closed string transport coefficients in the trivial background fields.
For simplicity, I set pi = 0. Inserting the mode expansions (91)-(93) into (86) and (87),
we find ∫ pi
0
dσP MˆNˆ( x
+
2α′p+
, σ) = 4piα′
∑
n 6=0
(αMˆn α˜
Nˆ
n + α˜
Mˆ
n α
Nˆ
n )e
− 2inx
+
α′p+ , (112)
∫ pi
0
dσ ηµνP
µν( x
+
2α′p+
, σ) = 4piα′δij
∑
n 6=0
(αinα˜
j
n + α˜
i
nα
j
n)e
− 2inx
+
α′p+
= δij
∫ pi
0
dσP ij, (113)
∫ pi
0
dσQMˆNˆ( x
+
2α′p+
, σ) = 4piα′
∑
n 6=0
(α˜Mˆn α
Nˆ
n − αMˆn α˜Nˆn )e−
2inx+
α′p+ , (114)
where Mˆ, Nˆ = {i, a}. Here, I have omitted the possible constant terms because those
terms do not contribute the calculations of the transport coefficients below. Using the
following formula [6, 17],5
〈: αMˆmαNˆn :〉 =
|n|
eβR|n| − 1δ
MˆNˆδn+m,0,
〈: α˜Mˆm α˜Nˆn :〉 =
|n|
eβL|n| − 1δ
MˆNˆδn+m,0, (115)
we find
〈: [
∫ pi
0
dσP MˆNˆ( x
+
2α′p+
, σ),
∫ pi
0
dσ′P Mˆ
′Nˆ ′( x
′+
2α′p+
, σ′)] :〉 = δMˆNˆ,Mˆ ′Nˆ ′+ I(x+ − x
′+), (116)
〈: [
∫ pi
0
dσQMˆNˆ( x
+
2α′p+
, σ),
∫ pi
0
dσ′QMˆ
′Nˆ ′( x
′+
2α′p+
, σ′)] :〉 = δMˆNˆ ,Mˆ ′Nˆ ′− I(x+ − x
′+), (117)
where δMˆNˆ,Mˆ
′Nˆ ′
± ≡ δMˆMˆ ′δNˆNˆ ′ ± δMˆNˆ ′δNˆMˆ ′ and
I(x+ − x′+) ≡ −4i(4piα′)2
∞∑
m=1
m2
(
1
eβRm − 1 +
1
eβLm − 1
)
sin
(
2m(x+ − x′+)
α′p+
)
. (118)
5I have introduced the normal ordering to avoid a divergence of the response functions which comes
from the zero point energy [6, 17].
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Here, one has to calculate the commutation relations in (116) and (117) using (94) before
considering the normal ordering. The Fourier transformation of the function I(x+) is
I(ω) =
∫ ∞
−∞
dx+I(x+)eiωx
+
= −4i(4piα′)2
∞∑
m=1
m2
(
1
eβRm − 1 +
1
eβLm − 1
)
pi
i
[
δ
(
ω +
2m
α′p+
)
− δ
(
ω − 2m
α′p+
)]
= (4piα′)3
(
α′p+ω
2
)2
p+
2
(
1
eβRα′p+ω/2 − 1 +
1
eβLα′p+ω/2 − 1
)
, (119)
where I have assumed ω to be positive. In the low frequency limit ω → 0, I(ω) becomes
I(ω) ≃ (4piα′)3α
′p+2ω
4
(
1
βR
+
1
βL
)
= (4piα′2p+)2
√
6
c
(
√
NR +
√
NL) ω, (120)
where I have used (69).
At first, I calculate the shear viscosity of the closed string states. The shear viscosity
can be obtained from the response function of the off-diagonal transverse component of
the stress tensor T¯ij . Using the Kubo’s formula (82), we find
η = lim
ω→0
Vd−1
ω
fT¯ij T¯ij(ω)
=
Vd−1
2
(
1
4piα′2p+Vd−1
)2
lim
ω→0
I(ω)
ω
=
1
2Vd−1
√
6
c
(
√
NR +
√
NL), (121)
where Vd−1 in the first line comes from the overall proportionality in (111). Dividing the
shear viscosity by the entropy density of the closed string states,
s ≡ S
Vd−1
=
2pi
Vd−1
√
c
6
(
√
NR +
√
NL), (122)
we obtain the ratio of shear viscosity to entropy density,
η
s
=
3
2pic
. (123)
In our previous work [6], we have calculated the shear viscosity of the open string states.
However, η/s does not change even if one considers the closed string states.
Next, I calculate the closed string transport coefficient induced by the dilaton. Using
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the Kubo’s formula (82), we find
ξΦ = lim
ω→0
Vd−1
ω
fJ¯ΦJ¯Φ(ω)
=
Vd−1
2
(
1
8piα′2p+Vd−1
4
d− 2
)2
δijδklδ
ij,kl
+ lim
ω→0
I(ω)
ω
= (d− 2)Vd−1
(
1
8piα′2p+Vd−1
4
d− 2
)2
(4piα
′2p+)2
√
6
c
(
√
NR +
√
NL)
=
8
d− 2
1
2Vd−1
√
6
c
(
√
NR +
√
NL). (124)
In the same way, one can obtain the other transport coefficients. The closed string
transport coefficients induced by the scalar fields G˜ab, Bab are
ξGab = limω→0
Vd−1
ω
fJ¯G
ab
J¯G
ab
(ω)
=
1
2Vd−1
√
6
c
(
√
NR +
√
NL), (125)
ξBab = limω→0
Vd−1
ω
fJ¯B
ab
J¯B
ab
(ω)
=
1
2Vd−1
√
6
c
(
√
NR +
√
NL). (126)
The closed string transport coefficients induced by the gauge fields Aaµ and Bµa are
ξAai = limω→0
Vd−1
ω
fJ¯AaiJ¯Aai(ω)
=
1
2Vd−1
√
6
c
(
√
NR +
√
NL), (127)
ξBia = lim
ω→0
Vd−1
ω
fJ¯Bia J¯Bia (ω)
=
1
2Vd−1
√
6
c
(
√
NR +
√
NL). (128)
The closed string transport coefficient induced by the antisymmetric tensor is
ξBij = lim
ω→0
Vd−1
ω
fJ¯Bij J¯Bij (ω)
=
1
2Vd−1
√
6
c
(
√
NR +
√
NL). (129)
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4 Correspondence between membrane transport co-
efficients and closed string transport coefficients
4.1 The black hole correspondence principle
The black hole correspondence principle states that as one decreases the string coupling
gs, a black hole will turn into string states when the curvature length scale at the horizon
of the black hole in string frame is of the order of the string length scale ls [3]. In fact,
it has been shown that when the mass and charges of the black hole are set to be equal
to those of the string states at the corresponding point, both entropies are equal except
for a numerical coefficient [3].
Let us review the correspondence between the electric NS-NS 2-charged black hole
and the highly excited closed string states. Since the curvature at the horizon in string
frame is of the order of r−2H , the correspondence point is found to be
rH ∼ ls. (130)
The Kaluza-Klein number K and the winding number W of the closed string states
correspond to the electric charges of the black hole Qp and Qw, respectively. Equating
the mass and charges of the closed string states to those of the black hole, the excitation
levels of the closed string become
NL ∼ α′(M2BH − (qp − qw)2), (131)
NR ∼ α′(M2BH − (qp + qw)2). (132)
Inserting (131) and (132) into the formula of the entropy of the closed string states (71),
one finds
S ∼
√
NR +
√
NL ∼ ls r
d−3
H
GN
coshαp coshαw. (133)
Thus, at the correspondence point (130), the entropy of the closed string states becomes
of the same order as the Bekenstein-Hawking entropy (30).
Let us comment that the gravitational redshift does not affect the determinations of
NL and NR. At the correspondence point, the factor (1−k(r)) in the black hole solution
(19) gets smeared out to order unity by the stringy corrections at r ∼ rH [2, 3, 13].
Thus, the redshift factor near the horizon is of the order of (cosh2 αp cosh
2 αw), which is
very large when αp and αw are large. To see that this redshift factor does not have an
effect on (131) and (132), we consider the simple case αp = 0. In this case, NL is equal
to NR. In the near extremal limit rH/GN → 0, αw → ∞ keeping rd−3H e2αw/GN fixed,
(131) or (132) becomes
N ∼ RW
(
MBH − RW
α′
)
. (134)
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Since the mass of the extremal black hole is M
(ext)
BH = RW/α
′, ∆E = MBH − RW/α′ is
the excess energy above the extremality. Although the excess energy near the horizon
is redshifted by the factor coshαw, since the radius R is contracted by the same factor
near the horizon, (134) does not change even if we take into account the redshift. If we
turn on αp, this does not affect the determinations of NL and NR [3].
Finally, we comment that the free string formulas which we have used are valid if the
string is highly excited [13]. Using (133) and GN ∼ g2s ld−2s at the correspondence point,
one finds
gs ∼ (coshαp coshαw)
1
2
(
√
NL +
√
NR)
1
2
. (135)
The local string coupling is given by eΦ(r)gs. Thus, near the horizon, the local string
coupling becomes
eΦ(rH )gs ∼ 1
(
√
NL +
√
NR)
1
2
, (136)
which is much smaller than 1 if the string is highly excited. Therefore, the free string
formulas are valid near the horizon.
4.2 Closed string transport coefficients at the correspondence
point
I discuss the correspondence between the closed string transport coefficients and the
membrane transport coefficients. At first, one has to consider the mass dimensions
of both the transport coefficients. The mass dimensions of the closed string transport
coefficients are d−1. On the other hand, the mass dimensions of the membrane transport
coefficients are d − 2. This discrepancy comes from the fact that the physical degrees
of freedom of the black hole seem to live on the horizon for a distant observer. In
fact, the distant observer can not see inside the black hole. Thus, I assume that at
the correspondence point, the highly excited closed string states are on the stretched
horizon of the black hole [1, 6]. This idea has been originally proposed in [1] to explain
a macroscopic black hole entropy from highly excited string states.
The most convenient way to realize the string states on the stretched horizon is to
reduce the longitudinal direction because in the light-cone gauge, the physical degrees
of freedom of the string are given by the transverse oscillators αin. By a dimensional
reduction along the x− direction, Vd−1 in the expressions of the closed string transport
coefficients is replaced by Vd−2 ∼ Ld−2 [6]. Then, the mass dimensions of the longitudi-
nally reduced closed string transport coefficients are d − 2, which match with those of
the membrane transport coefficients.
Next, I compare the longitudinally reduced closed string transport coefficients with
the membrane transport coefficients according to the black hole correspondence princi-
ple.
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The longitudinally reduced closed string transport coefficients in the trivial back-
ground fields take the following form:
ξ˜ ∼ 1
Vd−2
(
√
NR +
√
NL). (137)
Since the closed string states are assumed to live on the stretched horizon, Vd−2 is the
area of the stretched horizon. Thus, from (29), one finds
Vd−2 ∼ rd−2H coshαp coshαw. (138)
When the mass and charges of the closed string states are equal to those of the black
hole,
√
NR+
√
NL is given by (133). Thus, at the correspondence point (130), ξ˜ becomes
ξ˜ ∼ 1
GN
. (139)
One might suspect that the hydrodynamical description of the string states is valid
at the correspondence point because the string size seems to be comparable to the
“microscopic scale” of the system. To clarify this, let us find what the microscopic scale
of the system is at the correspondence point. From (133) and (138), the entropy density
of the string states on the horizon at the correspondence point is
s =
S
Vd−2
∼ 1
GN
=
1
ld−2p
, (140)
where lp is the Planck length. This means that there is one string state (or a string bit
6)
per Planck unit area. Thus, the microscopic scale of the system is lp, not ls. Since the
area of the horizon Vd−2 is much bigger than the Planck unit area l
d−2
p if the excitation
levels NL and NR are much bigger than 1, the hydrodynamics of the string states can be
defined at the correspondence point. Probably, a string bit corresponds to an elementary
particle of the fictitious fluid of the membrane paradigm.
The gravitational redshift does not have an effect on the closed string transport
coefficients because the excitation levels of the string in (137) do not depend on the
redshift factor as was explained in the previous subsection. In that sense, the calculations
in string theory around the flat background spacetime seem to be valid.
Thus, the longitudinally reduced closed string transport coefficients become of the
same order as the membrane transport coefficients except for the dilaton factors in (57),
(61) and (67). These mismatches occur because I have not considered the background
dependence of the dilaton field near the horizon in the string calculation. Let us take
into account for the background dependence of the dilaton field. The value of the dilaton
field at the stretched horizon is given by
e−4Φ(rH ) = cosh2 αp cosh
2 αw. (141)
6In the neutral case, the total length of a highly excited string is ∼ ls
√
N . Thus, the number of the
string bits is ∼
√
N , which is of the same order as the entropy.
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Expanding the dilaton field around this value and the other fields around the trivial
background, the action (85) becomes
S ≃ S0 + S1, (142)
S0 =
1
4piα′
∫
d2σe
4Φ(rH )
d−2 ηµν(X˙
µX˙ν −X ′µX ′ν) + δab(X˙aX˙b −X ′aX ′b), (143)
S1 =
1
4piα′
∫
d2σ[e
4Φ(rH )
d−2 hµν(X)P
µν +
4
d− 2e
4Φ(rH )
d−2 Φ(X)ηµνP
µν + G˜ab(X)P
ab
+Bab(X)Q
ab + 2Aaµ(X)P
aµ + 2Bµa(X)Q
µa +Bµν(X)Q
µν ]. (144)
To obtain the standard action (89), we rescale Xµ to exp(−2Φ(rH )
d−2
)Xµ. Then, S1 becomes
S1 =
1
4piα′
∫
d2σ[hµν(X)P
µν +
4
d− 2Φ(X)ηµνP
µν + G˜ab(X)P
ab
+Bab(X)Q
ab + 2Aaµ(X)e
−
2Φ(rH )
d−2 P aµ + 2Bµa(X)e
−
2Φ(rH )
d−2 Qµa +Bµν(X)e
−
4Φ(rH )
d−2 Qµν ].
(145)
Therefore, one can obtain the closed string transport coefficients in the presence of the
background dilaton field if one replaces
P aµ → e− 2Φ(rH )d−2 P aµ, (146)
Qaµ → e− 2Φ(rH )d−2 Qaµ, (147)
Qµν → e− 4Φ(rH )d−2 Qµν , (148)
in the calculations of section 3.4. Since the closed string transport coefficients are given
by the commutators of PMN or QMN , the closed string transport coefficients induced
by Aaµ, Baµ and Bµν become
ξ˜Aai ∼ e−
4Φ(rH )
d−2
1
GN
, (149)
ξ˜Bia ∼ e−
4Φ(rH )
d−2
1
GN
, (150)
ξ˜Bij ∼ e−
8Φ(rH )
d−2
1
GN
, (151)
at the correspondence point. These dilaton factors are the same as those in (57), (61)
and (67). Thus, except for the bulk viscosity, the closed string transport coefficients
agree with the membrane transport coefficients at the correspondence point.
If one defines the dimensionless quantities by dividing the transport coefficients by
the entropy densities, it is much simpler to discuss the correspondence. In addition, one
does not need any numerical approximations. The dimensionless membrane transport
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coefficients are
ηBH
sBH
=
d− 2
8
χΦ
sBH
=
χGab
sBH
=
χBab
sBH
=
1
4pi
, (152)
χAai
sBH
=
χBia
sBH
=
1
4pi
e−
4Φ(rH )
d−2 , (153)
χBij
sBH
=
1
4pi
e−
8Φ(rH )
d−2 . (154)
On the other hand, the dimensionless closed string transport coefficients are
η
s
=
d− 2
8
ξΦ
s
=
ξGab
s
=
ξBab
s
=
3
2pic
, (155)
ξAai
s
=
ξBia
s
=
3
2pic
e−
4Φ(rH )
d−2 , (156)
ξBij
s
=
3
2pic
e−
8Φ(rH )
d−2 . (157)
Thus, if c = 6, both the dimensionless transport coefficients are exactly equal except
for the bulk viscosity. Although c = 6 is not the central charge of the critical string
theory, this value has been discussed to reproduced the correct numerical coefficient of
the Bekenstein-Hawking entropy of the Schwarzshild black hole from string theory [16].
5 Summary and comments
I have calculated the membrane transport coefficients and the closed string transport
coefficients in theD dimensional closed string backgrounds whoseD−d spatial directions
are toroidally compactified. There are two reasons why I have considered the toroidal
compactification. The first reason is to compare the membrane transport coefficients
with the closed string transport coefficients in more general setting. The second reason
is to introduce the Kaluza-Klein number K and winding number W in the closed string
states.
Then, I have discussed the correspondence between the membrane transport coeffi-
cients and the closed string transport coefficients according to the black hole correspon-
dence principle. I have found that except for the bulk viscosity, the membrane transport
coefficients are of the same order as the transport coefficients of the closed string states
on the stretched horizon at the correspondence point even when one considers nonvan-
ishing charges. The nonvanishing dilaton factors of the membrane transport coefficients
which appear in (57), (61) and (67) have been reproduced from the string calculation if
one takes into account for the background dilaton field near the horizon. Finally, I have
shown that if the central charge c is 6, both the dimensionless transport coefficients are
exactly equal except for the bulk viscosity.
Three comments are in order. Firstly, the value of the central charge c = 6 might
be explained if we assume type IIB theory compactified on T 5 [20]. If we increase the
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string coupling, the excitations of NS5-NS5 pairs wraped on T 5 can occur because the
mass of NS5-brane is proportional to g−2s . It is known that at a larger string coupling
than the correspondence point, the excitations of NS5-NS5 pairs attached to the string
become entropically more favorable than the usual fundamental string excitations [20].
By taking the dualities, this system becomes D1-D5-P system. Since the central charge of
the effective string model of D1-D5-P system is 6, we will find the exact correspondence
between the membrane paradigm and string theory. I will discuss this problem in my
forthcoming paper.
Secondly, we can not find the correspondence between the black hole and the fun-
damental string states concerning to the bulk viscosity as it has been already reported
in our previous paper [6]. This is because the bulk viscosity of the membrane paradigm
is negative ζBH = − 116piGN [9], while that of the fundamental string states is positive.
The calculation of the bulk viscosity of the fundamental string states is given in the
Appendix A. It is still mysterious why this mismatch occurs.
Finally, it might be interesting to see the correspondence between the fundamental
string states with the fuzzball solutions [21]. If one finds how to obtain the transport
coefficients of the fuzzball, one might be able to compare them with the closed string
transport coefficients without reducing the longitudinal direction. Performing dualities
to obtain D1-D5 system is also interesting.
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A Bulk viscosity of fundamental string states
I calculate the bulk viscosity of the fundamental string states by using the linear response
theory. A bulk viscosity in d dimensional spacetime is defined by [22]
δT ii(ω) =
d− 1
2
iωζhii(ω), (158)
where i = 1, · · · , d− 1 runs over all spatial components. Since in the light-cone coordi-
nates, the expression of the bulk viscosity is not simple, I identify τ with X0 instead of
(95). Therefore,
X0 = 2α′Mτ. (159)
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Although we overcount the physical oscillations of the string by one in this setting, we
do not mind the numerical problem because what I would like to show here is that the
bulk viscosity of the fundamental string is positive.
By the Kubo’s formula (82), the bulk viscosity is
ζ =
2
d− 1 limω→0
Vd−1
ω
δijδklfT¯ij T¯kl(ω)
=
2
d− 1
Vd−1
2
(
1
4piα′2MVd−1
)2
δijδklδ
ij,kl
+ lim
ω→0
I(ω)
ω
=
2
Vd−1
√
6
c
(
√
NR +
√
NL). (160)
Therefore, the bulk viscosity of the fundamental string is positive. At the correspondence
point, the bulk viscosity of the longitudinally reduced string becomes
ζ˜ ∼ 1
GN
. (161)
On the other hand, the bulk viscosity in the membrane paradigm is [9]
ζBH = − 1
16piGN
. (162)
Therefore, we find the discrepancy between the bulk viscosity of the membrane paradigm
and that of the fundamental string states although both the absolute values are of the
same order.
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